For circuits the expected delay is a suitable measure for the average case time complexity. In this paper, new upper and lower bounds on the expected delay of circuits for disjunction and conjunction are derived. The circuits presented yield asymptotically optimal expected delay for a wide class of distributions on the inputs even when the parameters of the distribution are not known in advance.
Introduction
To describe the behavior of an algorithm usually its worst case time is considered. For practical applications it is often more interesting to analyze the expected time where the expectation is taken w.r.t. some distribution (e.g. uniform distribution) on the inputs. Many algorithms are known for which the expected time w.r.t. the uniform distribution is much smaller than the worst case time 1].
As to circuits it is not intuitively clear that the worst case time may di er from the expected time, since usually the depth is considered as a measure of parallel time. A more appropriate measure is the delay of the circuit on an input vector. The delay of a gate in the circuit is at most t, if there is a subset of the predecessors of this gate which determine the output of the gate and which have delay at most t ? 1. The delay of the inputs is zero. The delay of the circuit on an input vector is the delay of the output gate. Thus, for some input vectors, the delay of the circuit may be smaller than its depth. Krapchenko 2] gives a surprising example of a size-optimal circuit for which even the worst case delay is smaller than the depth.
Using the delay, Jakoby, Reischuk, Schindelhauer, and Weis 3,4] recently started to build a theory of the average case complexity for circuits. They introduced classes DDepth(d), d 2 N, of distributions on the input vectors which are de ned by distribution generating circuits of xed depth d (see Section 2). For several basic functions, they show that the expected delay is much smaller than the worst case delay. Especially, they consider the disjunction of n inputs. For each distribution in DDepth(d), they construct a separate circuit C for disjunction where the expected delay w.r.t. is at most 2 d + 3. Their construction requires that the distribution is known in advance.
In general, the distribution on the inputs is not known in advance. Thus, we study the problem of constructing a single robust circuit for the disjunction which is delay e cient w.r.t. a whole class of distributions. That means, we are looking for a circuit which minimizes the maximum of the expected delay taken over all distributions in the class. Note that for classes containing distributions which have an unbounded number of constant inputs, there is no robust circuit with bounded delay.
We present almost matching upper and lower bounds on the expected delay of robust circuits for DDepth(d) when the number of constant inputs is bounded.
In particular, for those distributions in DDepth(d) where no input is constant, the expected delay of our robust circuit is at most 2 d + 4d + 4. This upper bound for robust circuits is close to the upper bound for each of the circuits C in 3]. Our corresponding lower bound for the expected delay of robust circuits for DDepth(d) Our results are stated for disjunction; they also apply to conjunction, correspondingly.
Preliminaries
For a formal de nition of distribution generating circuits (DGC) and of the circuit delay as well as for a discussion of these concepts we refer to Jakoby et al. 3] .
A DGC is a circuit of bounded depth and bounded fan-in and fan-out with r inputs and n outputs. The input of the DGC is chosen uniformly over f0; 1g r .
This induces a distribution on the output X which is a random variable over f0; 1g n . The class DDepth(d) consists of all distributions which are generated by DGCs of depth d with fan-in two and fan-out two.
The output X = X 1 : : : X n of the DGC is used as input for a computing circuit. Let time(C; x) denote the delay of a computing circuit C on an input vector x. The expected delay of a circuit C where the input X is chosen w.r.t. some distribution is denoted by etime(C; We use this lemma to estimate the probability that all inputs in a set J of nonconstant inputs are zero: 3 Upper Bounds For each n 2 N, we will construct a circuit C n with fan-in two which computes the disjunction of n inputs. For all d 2 N and all 2 DDepth(d) without constant inputs, the expected delay of this circuit is at most 2 d + 4d + 4 (Theorem 2). For 2 DDepth(d) with at most c constant inputs, the expected delay of C n is at most maxf2 d + 4d + 4; log c + 2 log log c + 7g (Theorem 3). The depth of C n is log n + O(log log n). Let We obtain circuit C n from the tree by assigning the inputs to the n leaves, or-gates to nodes of degree two and identity-gates to nodes with degree one. To simplify the estimation, we refrain from optimizing this circuit by eliminating the identity-gates. We will now prove that C n is almost optimal w.r.t. these classes.
In Leighton 6] ). There is a path from each node in the rst row to each node in the last row. Thus, each X i in each block depends on 2 d inputs of the distribution generating circuit which are, by de nition, independent and uniformly distributed in f0; 1g. Hence, all X i in the same block always have the same value which is equal to zero with probability 1 ? 2 ?2 d . Distinct blocks are independent. In the following, the X i , i = 1; : : : ; n, are used as inputs to the circuit C. In any circuit C, the total number of inputs on levels 0; : : : ; t is at most 2 t . If t is at most d, all these inputs are in the rst block. If t is greater than d, these inputs come from at most 2 t?d di erent blocks. Thus, Pr all inputs up to level t are 0] 
